9% M‘d lor’s Theovem

Taylor's Theorem with Remainder

If f has derivatives of all orders in an open interval I containing a, then for each positive
integer n and for each x in I,

"(a ™) (q
f@) = f@) + F@e-a) + L@ a4+ T D ooyt (o),
where
(n+1) (4
R, (z) = {n m 1()') (z — a)"*!

for some c between a and z. R,, () is also called the Lagrange form of the remainder.

Remainder Bounding Theorem
If there are positive constants M and r such that | o) (t) | < Mr™*1forallt betweena
and z, then the remainder R, (x) in Taylor's Theorem satisfies the inequality

’I“n+1‘:17 . a‘n—i—l
(n+1)!

[Rn(z)| < M

If these conditions hold for every n and all the other conditions of Taylor's Theorem are
satisfied by f, then the series convergesto f(x).

How to Use the Remainder Bounding Theorem

1. Identify f(z), the center a, and the value of z you're approximating.

2. Findabound on | f(**1)(¢)| for all  between a and z, i.e., pick constants M and r so
that | f("+ ()| < Mr™+1,

3. Pluginto the bound:

rn—l—l’m . a’n—i—l

[Ba(w)| = M- (n+1)!

4. Solve forn (if you need a target accuracy): set the right side < your error tolerance and
find the smallest n that works.

5. Convergence is automatic once you've found M and r that work for all n, the (n + 1)!
in the denominator dominates, so R,,(z) — 0 and the Taylor series converges to f(x).

Alternating Series Error Bound
Suppose the terms of a series have the following three properties:

1. the terms alternate in sign;
2. theterms decrease in absolute value;
3. the terms approach O as a limit.

Then the truncation error after n terms is less than the absolute value of the (n + 1)st term.



DFind o formula for the Tvuncation ervgr 1f we use
.00 1o approximale ﬁx on the mterval (%, 3)

Coluhn
The centey of Yhae witenval s O
Hence we use the Maclaurin sevies

l’LZX: L4+ 2% v (2X) v (2x) v - (ie infinite geometric series with A=\

llmd r=ij <\ d2x &\ = —i<x<.}_)

and hence
POO=1+2%+ Uy + 3¢ + Wox* + 32%x + biX

The lywncahon = 1
chmr " zx o)
(2x)" 4 (lx)ﬁ v (20 -

123X | (ie & where ac(2x)°, v=2x, -1 L2x <1)
1 - 2X Ir

\

I\

1 1

i . \23 ¥

X Y= \“1x Y2 000  evve - -Red  err= T
0 1 1.000000 0.000000 0.000000
0.1 1.25 1.249984 0.000016 0.000016
-0.3 0.625 0.642496 -0.017496 -0.017496
-0.49 0.505050505 0.943498 -0.438447 -0.438447

0.49 50 6.593723 43.406277 43.406277



D lse e Remamder \’)ound’\nﬁ Theovem o prove Thal the
Maclaurin  Series for €60 = sinbhx comvergcs Yo £x) for all R

Colution
By Taylor's Theovem,

(nn) nrl

bn-€ () X i< the remainder term (e e Yyunestion ernvor
|
(! when Pa(x) 15 used Yo agproxmate £(x)).

(nh) o o nl $00)= Fc0sor
H (X\l 1S eitther ‘5 SW\X‘ oY \5 COSX\ £"(x) = - 5% sin bX
£" (%) = - 57008 B

£ = 5" sinbx

Whether L€ [0,x) or [x,0],

—nvl ntl) . .
“1-h < ) 419 }:\v(\lccaltl:zr:l:(s)enes

Thus, [£™0] < ™ (That is M=1, v=5)

Thus b\j he Rewainder &)uno\m@ Theorem,

lK (X)\ / 5m|_ |X|m\ (which aoes 10 zerw as n>0Q  sine (n+1)!
" - (nr1)! qro ¢ much faser than 5™ %™ )

ond Thus the Maclaurin sexies comerges o £ for all ®



3) Supposc qou use, ¥,(x) =\ *’izi— o approximale Cos (09)
Give o bound o the ervor boced on

o) 1he alternal g Senes bound
Soluhion
cosx = 1 - Xy X'~ - Y (1

—

71 4 25N ()

when n=1 Wwe ge4 7, (%)

Nohice that the terms of this Maclowrin Sernies:
Jaltemate n s'\q\ns
/decrease i absolute value
[ apgroach zevo as n—soo
Thevefove , by the A\’ru‘nm’rmg Senes fyvoy \qumA,
if we use, 0,60 % cosx, then the evvor € |5
Hence | P,(0%) - costos) | € ‘1,'5:' X (0026012

when n=2 we get the
Yerm W Awe Y Aeqree

b) The Lagrange Bxvor Fomulo

Solution

by the L(MJmnﬂe Error Formula, jh(i uncation evvor 5
from sy P,x) 1S ‘ OE %% 2. ‘Pz(x) - COSX‘ - Hw (c)- §T|
1= sint |

Whether e [o,x) o [x,0],

1w 21 thatis M=y

Thug, by he Remawder bowding Theovem,

m : 1 b
X | <« 1 XX

3
Thatis, the ervor |\71(D-‘5)*cus()5‘ Z ";" = 0.020%3




) The R‘M\OU\\C e and \(\\ﬁw\oo\\c csine. funchions ane
define

X Y -X
ghy - € ie cosh = &+

Find the Maclaprin sevies qcmm’rco\ bg sinhx and coshx

Soluhin
(’,‘: I‘X{£P~--{Kh+--_
2! n

n

= . * . -X
C (D S X_‘ %(/“_} o

Y 2 ntl
¢ =-lyx =X » ) x v+
A n'
Q (), - Z\( 1 ZL 1 ZX |
3! B!
24 X 3 5 Znrl oo xlﬂtl
C-¢ - X ¥ X +X v g X :LZ&|
z » 9 (2200 ()

~lsmhx - Z (Ine1)!

lm\ ] oo m




5 Usc the Remainder Y)ouno\\r\(j Tegrem 1o prove that coshx
cquals WS Maclawnn sexcs for Al veal numbers x.

Proof
we first need 1o fnd M such Yhat
™ 2M foal L€ [x,0) o [0,x]

- - _ fx)= 2 (e*+e™)

x) 15 etther ashx or sinhx %= 1 (-e9
B'(x) = z (e re™)

“(x)= % (e*-e™)

{ (nh)

It tero,x],
_ t
coshi - z'(et*et) < —Z‘(et%et) - < ¢

smht - ’}(ﬁt—ﬁut) < *}("lt*ét) = cosht < ¢
Thus

11w 2 & (o \s@

It €€ [xo0]

ht - S ret) £ Flete) - 4 o]
anhl - L (e ¢ £ 3 (ehed) - csht <
Thus

11w 2 ¢ (et \s@)



Thus, 1 bt cases, the Maclaunn sertes converycs T {x)=coshx
sanee, b9 the Rewaindey Y)O\Ahd\hg Theovem

|K,,,(x)\<M|(’:\l—)| —> 0 a5 n->o0°
H)"

¢) Find the tmearization and the quadrahe apgroximation
of f6)-seex al x-0

Coluhion
e \wmeavizajion 0F £(x) at x-0
L(X) = F(0) 1 f’{o)xo
= 1+ 5echtanb X
(v
The quadrahic approemation of £&) ar X=0

L6 = 1) + ¢ “(1) 1) - secx tank
B0 - Epxr B (e

S O X + Ly*

7 £7(x) = secx-sec*x
- @ y tan X secx tanx

y
Red curve is £(x) = secx ‘Tl { (0) - l
Purple curve is y= | + 3%
Green lne lis ‘Fl
\ /
\\ ) —4—-—/
v}(ner& e linearizpdion
aﬂ)(oximm’rcs the function
(small iverval around x=0)
09
—— From here b here 4

is where the purple turve closely OppIOXiyates 26



7) Oiven £60=sm(ox v %), Vet 7,60 be the thied degree
Taylor pohjnomim\ for £ apout x=0

n) Find 7).
Colution
P, 0x)= €(0) + L’lm) X 1 f"4l|(>) X 1 w) x>
1 7 31

oy - (& “x)= -9 smox+ §
tw- sm(h) - ) "(0)@ "V
7
{!I(X) = 5(03(5XJ 1‘4@ {mlx = ”5 cos (Hx* 4)
2

£(0) = 9cos (%) - ¥"’lo) -@

-‘_VX:\L_I; 2 B 2 L93 >
[3() , P X q\rl\( 'Ln@x

The coetfiaent of the tem n X is |5 sin( f+ng) |
n'

b Use the Laqromqe ervor bound 1o show thad
(6 - B ()] <

Selutin
The Lagiange evvor when using 7,060 Yo approxamate £(x) is

) A
Fabi) = | F0 1§.| RIS CIREY

Whether t € Lo, XY or [X,0],
(') 29" sinee s R) £\
Tl is M= 9



By the Remander Bounding Theorem,

R0 £ M ' :@
A |

4
when -, [Rald)] = [T B 4 0T e
= ‘7|_
AN
S I
M
/ 1
100

0 Lt Gx) - SOHH AL Witte the thard - degree
Taylov polynomial {or G abowl x=0.

Selution
ji(,,(x) - £&) by the Fundamenial Theorem of Calculus
X
v Ly 2y 9y when X 1s near (
7 2 !
thas 00 = § 0 98 T 4

“Jip oy Bl vuiy |8
—lt*qt lzt

t-o

-2 %m‘w’]
[ZX LIX le
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