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Definition: Infinite Series

An infinite series is an expression of the form

ar+az+tag+---+ap+---,

or
o0
> a
k=1
The numbers a1, as, . . . are the terms of the series; a,, is the nth term.

The partial sums of the series form a sequence:
s1 =ai
S2 = a1 + a2

s3 =a1+a2+as

of real numbers, each defined as a finite sum.

If the sequence of partial sums has a limit S as n — 00, we say the series converges to the sum .S, and

we write
o0
a1 t+az+az+otapto=Y ar=85.
k=1

Otherwise, we say the series diverges.

The nth Term Test for Divergence

If the infinite series

o
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converges, then

lim ax = 0.
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This means that if
lim ar # 0,
k—o0

the series must diverge.



The geometric series
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atartar’+ar®4- - far" 4. = Zarn_l
converges to the sum
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and diverges if |r| > 1.
-1<r<l1

is the interval of convergence.

If || < 1, then the geometric series formula assures us that

1+m+$2+m3+...+x”+...:

Definition: Power Series

An expression of the form
[o.¢]
n __ 2 n
E ch =cy+cix+cr"+---+cpr + -0
n=0
is a power series centered at x = 0.

An expression of the form
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is a power series centered at z = a.

The term ¢, (z — a)™ is the nth term; the number a is the center.



Theorem 1: Term-by-Term Differentiation

If
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converges for [z — a| < R, then the series
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obtained by differentiating the series for f term by term, converges for |a: — a| < R and represents
f'(z) on that interval. If the series for f converges for all z, then so does the series for f'.

Theorem 2: Term-by-Term Integration
If
o
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obtained by integrating the series for f term by term, converges for |a: — a| < R and represents

/a C )y de

on that interval. If the series for f converges for all z, then so does the series for the integral.



